The correlation energy in density functional theory can be expressed exactly in terms of the change in the probability of finding two electrons at a given distance r 12 (intracule density) when the electron-electron interaction is multiplied by a real parameter λ varying between 0 (Kohn-Sham system) and 1 (physical system). In this process, usually called adiabatic connection, the oneelectron density is (ideally) kept fixed by a suitable local one-body potential. While an accurate intracule density of the physical system can only be obtained from expensive wavefunction-based calculations, being able to construct good models starting from Kohn-Sham ingredients would highly improve the accuracy of density functional calculations. To this purpose, we investigate the intracule density in the λ → ∞ limit of the adiabatic connection. This strong-interaction limit of density functional theory turns out to be, like the opposite non-interacting Kohn-Sham limit, mathematically simple and can be entirely constructed from the knowledge of the oneelectron density. We develop here the theoretical framework and, using accurate correlated oneelectron densities, we calculate the intracule densities in the strong interaction limit for few atoms.
I. INTRODUCTION
Kohn-Sham (KS) density functional theory (DFT) (see, e.g., [1] ) is a successful method for electronic structure calculations, thanks to its unique combination of low computational cost and reasonable accuracy. In the Kohn-Sham formalism, the total energy of a manyelectron system in the external potentialV ne = i v ne (r i ) is rewritten as a functional of the one-electron density ρ(r),
(1.1) of thinking can be very helpful for building approximations, and for combining DFT with other many-body methods (see, e.g., [5, 6, 7, 8, 9, 10, 11, 12, 13, 14] ).
The adiabatic connection formalism (for a review, see [15] ) is a useful tool to think of DFT functionals in terms of wavefunctions. In its simpler and original version [16, 17, 18] , the electron-electron repulsion operatorV ee in the N-electron hamiltonianĤ (in Hartree atomic units used throughout),
is multiplied by a real parameter λ, which varies between 0 and 1. At the same time, the external potential v ne (r) is replaced by another local potential, v λ (r), determined by the condition (allowed by the Hohenberg-Kohn theorems [19] , if ρ is v-representable for all λ)
that the one-electron density ρ(r) do not change with λ. In this way, we define a set of hamiltoniansĤ λ ,Ĥ λ =T + λV ee +V λ , ρ λ (r) = ρ(r) ∀ λ (1.3)
all having the same ρ(r) as the one of the physical hamiltonian of Eq. (1.2). In particular,
at λ = 0 we have the KS hamiltonian, i.e., the hamiltonian of a non-interacting system of fermions with the same density of the physical system, and v λ=0 (r) = v KS (r), the fa- (1.4)
(1.5)
where Ψ λ=0 is, in most cases, a single Slater determinant formed by the KS orbitals φ i .
Equations (1.5) and (1.6) can be rewritten in terms of the intracule density I(r 12 ) (also called in the DFT community spherically and system-averaged pair density), which was first introduced in the historical paper of Coulson and Neilson [20] . Since then, I(r 12 ) has been used by several authors to understand electronic correlation both in density functional theory (see, e.g., [18, 21, 22] ) and in post-Hartree-Fock methods (see, e.g., [23, 24, 25, 26, 27, 28, 29, 30] ). Given an N-electron wavefunction Ψ, the intracule density I(r 12 ) is defined as the integral of |Ψ| 2 over all variables but r 12 = |r 1 − r 2 |,
where r 12 = r 1 − r 2 , and R = (r 1 + r 2 ). Here we have normalized I(r 12 ) to the number of electron pairs. The quantity I(r 12 )4πr 2 12 is proportional to the probability distribution for the electron-electron distance in the state described by the wavefunction Ψ. Gill and coworkers [31, 32, 33, 34] have defined an interesting "family of intracules", and made the hypothesis that the correlation energy of Hartree-Fock theory can be approximated as a linear functional of one of these intracules. (1.8)
Correlation in Kohn-Sham DFT is thus fully determined by the change in the intracule density when the electron-electron interaction is turned on with the one-electron density ρ(r) fixed. The difference I λ=1 (r 12 ) − I λ=0 (r 12 ) determines the correction due to correlation to the expectation ofV ee , and the integration over λ recovers the correction to the expectation ofT . By construction, there is no correction to the expectation ofV ne .
Starting from the observation that I(r 12 ) couples to the operatorV ee in the same way as ρ(r) couples toV ne , i.e., that the expectations Ψ|V ne |Ψ and Ψ|V ee |Ψ are given by linear functionals of ρ(r) and I(r 12 ), respectively, 9) it is possible to derive an exact formalism [35, 36, 37, 38, 39] in which a set of effective equations for each I λ (r 12 ) along the DFT adiabatic connection is coupled to the KS equations to generate the correlation energy from Eq. (1.8). In this computational scheme one needs to make two approximations:
1. the exact equation for I λ (r 12 ) involves the solution of a many-body problem for a cluster of interacting fermions [36] , which is approximated with a radial Schrödinger equation for I λ (r 12 ) [39] , possibly divided into effective geminals g λ i (r 12 ) [35, 37, 40] , 10) for which one needs to choose the number N g and the occupancy ν i ;
2. an approximation for w λ eff (r 12 ) needs to be designed.
As far as point 1 is concerned, we can say that the choice N g = 1 is always possible [39] , and yields good results in the uniform electron gas when combined with an approximation for w λ eff (r 12 ) inspired to the Fermi-hypernetted-chain approach [41] . Again in the case of the uniform electron gas, the choice of a determinant-like occupancy for the effective geminals (N g = N(N − 1)/2, ν i = 1 (3) for even (odd) relative angular momentum states) yields accurate results with much simpler approximations for w λ eff (r 12 ) [40, 42] . In general, the choice of using localized geminals would make it easier to impose size consistency. In Eq. (1.11) the term λ/r 12 ensures that the corresponding I λ (r 12 ) satisfies the electronelectron cusp condition (see, e.g., [43] ). We need then to approximate w λ c (r 12 ), an effective potential that should essentially "tell" to the intracule density that, while the electronelectron interaction is turned on, the one-electron density ρ(r) does not change. As the information on ρ(r) has been "washed away" in the integration over the center of mass R of Eq. (1.7), this constraint can be imposed only in an approximate way. For two-electron systems, for which Eq. (1.10) is exact with one geminal, simple approximations (based on the same ideas used in the uniform electron gas) for w λ c (r 12 ) give accurate results [35, 37, 38] . To go one step further, that is being able to construct approximations that work for many-electron systems of nonuniform density, a crucial issue is to investigate the effect on can be obtained only from expensive wavefunction-based calculations (see, e.g., [44, 45, 46] and references therein), while in the λ → ∞ limit the many-electron problem becomes mathematically simple, and we have recently shown [47] that a solution can be constructed starting from the density ρ(r) only. The λ → ∞ limit tells us what is the maximum extent to which the electrons can avoid each other without breaking the constraint of being in the given density ρ(r). This information can be very useful for constructing approximations.
Last but not least, the strong interaction limit can be used to build interpolations between the non-interacting KS limit (λ = 0) and the λ → ∞ limit, yielding an approximation for the physical (λ = 1) system [48] .
This paper is organized as follows. In Sec. II we derive and discuss the equations needed to calculate the intracule density in the strong-interaction limit (λ → ∞) of DFT. In Sec. III, we apply the equations of Sec. II to calculate the λ → ∞ intracule densities of small atoms, by using accurate correlated one-electron densities ρ(r) as input. The results are then analyzed and discussed in Sec. IV, and the last Sec. V is devoted to conclusions and perspectives.
II. THEORY
The strong-interaction limit of DFT is defined by the λ → ∞ limit of the hamiltonians of Eq. (1.3) [47, 49, 50] . The mathematical details of this limit can be found in [47] . Here, we briefly summarize the physical ideas that lie behind the theory, only reporting the equations that will be used in the following sections.
As λ grows, the electrons repel each other more and more strongly. However, they are forced by the external potentialV λ of Eq. (1.3) to yield the density ρ(r). As λ → ∞, it can be shown [47, 49, 50] that, in order to keep the electrons in the density ρ(r),V λ must be proportional to λ,V λ→∞ → λV . In this limit, the kinetic energy becomes negligible (of orders √ λ [50] ), and the solution ofĤ λ→∞ reduces to a classical equilibrium problem for the 3N dimensional function
The square of the corresponding wavefunction, |Ψ λ→∞ | 2 , becomes a distribution that is zero everywhere except in the configurations (r
N ) for which E pot (r 1 , ..., r N ) has its absolute minimum. Typically, for a reasonable attractive potential v(r), E pot has a discrete set of minimizing configurations. In this case, however, the density corresponding to |Ψ λ→∞ | 2 would be given by a sum of peaks centered in the minimizing positions r
In order to get a smooth density like the one we find in the quantum mechanical problem at λ = 1, we need a special potential v(r) in Eq. (2.12): the potential v(r) must make the minimum of the 3N-dimensional function E pot degenerate over the 3-dimensional
where P is the region of space in which ρ(r) = 0. From the physical point of view, the distribution |Ψ λ→∞ | 2 , which is zero everywhere except on M, describes a state in which the position of one of the electrons can be freely chosen in P , but it then fixes the positions of all the other N − 1 electrons via the co-motion functions f i (r) [47] . The strong-interaction limit of DFT is thus the generalization of the more familiar Wigner-crystal state to smooth densities. In the Wigner crystal state, in fact, the constraint of having a given density is relaxed, and ρ(r) becomes typically proportional to i δ(r − r
i ), losing any resemblence with the quantum mechanical λ = 1 density of atoms and molecules.
From the condition that E pot have its minimum over the entire subspace M and that the electrons be indistinguishable, one finds that the co-motion functions f i (r) must satisfy special properties, which are reported in [47] . To determine the co-motion functions from the density ρ(r), we use the observation [47] that, since the position of the first electron determines the positions of all the others, the probability of finding the first electron in the volume element dr around the position r must be the same of finding the i th electron in the volume element df i (r) around the position f i (r). This means that all the co-motion functions
In order to construct the co-motion functions we thus have to find the initial conditions for the integration of (2.14) which also satisfy the properties reported in [47] . An example of such calculations for spherical densities is carried out in [47] . The strong interaction limit of DFT is thus entirely determined by the co-motion functions f i (r), which can be constructed from the density via Eqs. (2.14).
To obtain the intracule density I λ→∞ (r 12 ) corresponding to the distribution |Ψ λ→∞ | 2 , we have to consider that the electron-electron distance only depends on the position of the first electron, r. By defining the N(N − 1)/2 distances d ij (r) for which |Ψ λ→∞ | 2 is non zero,
(with f 1 (r) ≡ r), and by considering that each position r has a probability 
III. APPLICATION TO ATOMS
We consider here the case of spherical densities, and we apply Eq. (2.16) to few atoms.
When ρ(r) = ρ(r), the λ → ∞ problem can be separated into an angular part and a radial part [47] . The distance r from the nucleus of one of the electrons can be freely chosen, and it then determines the distances from the nucleus of all the other N − 1 electrons via radial co-motion functions f i (r), as well as all the relative angles α ij (r) between the electrons [47] .
The radial co-motion functions f i (r) can be constructed as follows [47] . Define an integer index k running for odd N from 1 to (N − 1)/2, and for even N from 1 to (N − 2)/2. Then
where 18) and N
−1
e (y) is the inverse function of N e (r). For odd N, these equations give all the needed N − 1 radial co-motion functions, while for even N we have to add the last function,
The relative angles α ij (r) between the electrons can be found by minimizing numerically the 20) and, together with the minimizing angles α ij (r), yield the minimum of E pot of Eq. (2.12) for spherically symmetric v(r) [47] . Physically, the solution of Eqs. (3.17)-(3.19) makes the N electrons always be in N different spherical shells, each of which contains, on average in the quantum mechanical problem (at λ = 1), one electron. In the λ → ∞ limit, the electrons become strictly correlated, and all fluctuations are suppressed (see, e.g., [51] ): the space is divided into N regions, each of which always contains exactly one electron. For spherically symmetric densities, the electron-electron distances of Eq. (2.15) then 
As a starting point, it is instructive to analyze the simple case of the He atom. Here, we have used the accurate variational wavefunction of Ref. [52] (see also [53] and [35] ) to generate the density ρ(r), from which I λ→∞ (r 12 ) is constructed. From the same accurate variational wavefunction, we have also computed the intracules of the KS system (see [35] ), I λ=0 (r 12 ), and of the physical system, I λ=1 (r 12 ), which will be compared to I λ→∞ (r 12 ). When He
The intracule density of the He atom along the linear adiabatic connection of DFT: the three intracules correspond to three systems with the same one-electron density ρ(r) and electronelectron interaction λ/r 12 . The intracules at λ = 0 (KS system) and λ = 1 (physical system) have been constructed from the accurate variational wavefunction of Ref. [52] (see also [53] and [35] ).
The intracule at λ = ∞ is obtained in this work, as described in the text. All quantities in Hartree atomic units.
(maximum angular correlation), and we have only one co-motion function, f 2 (r), which fully determines the electron-electron distance [47, 50] ,
The function d 12 (r) is reported in Fig. 1 . It has a minimum for r = a 1 = N −1 e (1), the radius of the shell containing, on average in the quantum mechanical problem, one electron. We 
Divergences come from the fact that the quantities we calculate here are the distributions towards which the physical quantities tend when λ → ∞. This aspect is clarified with a simple example in the Appendix of Ref. [47] .
Using Eqs. details see [47] ), we only need to consider N times this situation, since exchanging two or more electrons always correspond to the same physics, and thus to the same values of the electron-electron distances.
In Fig. 5 we show the intracule density multiplied by the volume element 4πr 
IV. DISCUSSION OF RESULTS
The λ → ∞ limit of DFT describes the case of maximal angular correlation and maximal radial correlation between the electrons, compatible with the constraint that the probability of finding one electron at postion r be equal to ρ(r)dr, where the density ρ(r) corresponds to than to the λ → ∞ limit, as expected for weakly correlated systems. In more correlated situations like streched bonds, we can expect the λ = 1 case to be more in between the λ = 0 and the λ → ∞ limits. The investigation of such cases will be the object of future work.
What can we learn from the intracule densities in the λ → ∞ limit? As a first step, we have reconsidered the results of Ref. [35] for the He-like ions. In that work, we had shown that a good approximation for w λ c of Eq. (1.11) was given by the screening potential of a sphere of uniform density, charge 1, and radius r s to be determined, This approximation was first introduced by Overhauser for the uniform electron gas [56] , where r s was set equal to the usual density parameter r s , i.e., the radius of the sphere con- is taken from Ref. [44] . The intracule at λ = ∞ is calculated in this work, as described in the text.
The area under each curve gives the expectation Ψ λ |V ee |Ψ λ . All quantities in Hartree atomic units.
taining, on average, one electron. In Ref. [40] , where ρ is an average density, ρ = To this purpose, and with the idea in mind that to have a size-consistent method we need to use localized geminals in Eqs. (1.10), we have further analyzed our results by dividing them into core-core, core-valence, and valence-valence contributions, comparing the λ → ∞ and the λ = 0 case. We consider here the Be and the Ne atoms. For the λ → ∞ case, the corecore contribution comes from the distance 1-2, corresponding to the two electrons that are in the sphere containing, on average in the quantum mechanical problem, 2 electrons. The distances of electrons 1 and 2 from the other electrons define the core-valence contribution, and the rest is the valence-valence part. For the KS system (λ = 0), we have orbitals, so the three contributions are defined in the usual way, using the quantum mechanical shells (1s 2 for core-core, etc.). The three contibutions are shown in Fig. 7 for Be and in Fig. 8 for Ne.
In the core-valence case of Be, we see that the extremely correlated λ → ∞ limit differs from its KS counterpart only in the short-range part, r 12 2.5. The valence-valence case of Be resembles the two-electron case of the He atom. The core-valence and the valence-valence contributions to the Ne atom also show, essentially, correlation of short-range type, even in the extreme λ → ∞ case. In our future work, we plan to use these results to build and test approximations for w λ c (r 12 ).
V. CONCLUSIONS AND PERSPECTIVES
We have calculated, for the first time, the intracule densities for small atoms in the stronginteraction limit of density functional theory. Our results can be useful to better understand correlation in the density functional theory framework, and to build approximations for correlation energy functionals based on intracules. Our future work on this subject will address several points:
1. The generalization of this calculation to non-spherical densities;
2. The study of the next leading term in the λ → ∞ limit, thus including zero-pointmotion oscillations;
3. The use of these results to fully develop the ideas of Refs. [35, 36, 37, 38, 39] , in which an approximation for the correlation energy in density functional theory is contructed from effective equations for the intracule density.
